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Abstract 


The Wess-Zumino term in two-dimensional conformal field theory is 
best understood as a surface holonomy of a bundle gerbe. We define 
additional structure for a bundle gerbe that allows to extend the notion 
of surface holonomy to unoriented surfaces. This provides a candidate 
for the Wess-Zumino term for WZW models on unoriented surfaces. 
Our ansatz reproduces some results known from the algebraic approach 
to WZW models. 
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manche meinen 

lechts und rinks 

kann man nicht velwechsern 

werch ein illtum 

Ernst Jandl [ Jan95 ] 
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1 Introduction 


Wess-Zumino-Witten (WZW) models are one of the most important classes 
of (two-dimensional) rational conformal field theories. They describe physi¬ 
cal systems with (lion-abelian) current symmetries, provide gauge sectors in 
heterotic string compactifications and are the starting point for other con¬ 
structions of conformal field theories, e.g. the coset construction. Moreover, 
they have played a crucial role as a bridge between Lie theory and conformal 
field theory. 

It is well-known that for the Lagrangian description of such a model, a 
Wess-Zumino term is needed to get a conformally invariant theory |Wit84| . 
Later, the relation of this term to Deligne hypercohomology has been re¬ 
alized [,Gaw88j and its nature as a surface holonomy has been identified 
IAlv85j . 


T awXXl lAlvSPj. More recently, the appropriate differential-geometric ob¬ 
ject for the holonomy has been identified as a hermitian U( 1) bundle gerbe 
with connection and curving [ CJM02j . 

Already the case of non-simply connected Lie groups with lion-cyclic fun¬ 
damental group, such as G := Spin(An) /Z 2 x Z 2 shows that gerbes and their 
holonomy are really indispensable, even when one restricts one’s attention 
to oriented surfaces without boundary. The original definition of the Wess- 
Zumino term as the integral of a three form H over a suitable three-manifold 
cannot be applied to such groups; moreover, it could not explain the well- 
established fact that to such a group two different rational conformal field 
theories that differ by “discrete torsion” can be associated. 

Bundle gerbes will be central for the problem we address in this paper. A 
long series of algebraic results indicate that the WZW model can be consis¬ 
tently considered on unorientable surfaces. Early results include a detailed 
study of the abelian case [BPS92] and of SU( 2) [PSS95b, ESS95a|. Sewing 
constraints for unoriented surfaces have been derived in [ FPS94 J. 

Already the abelian case [ BPS92 ] shows that not every rational conformal 
field theory that is well-defined on oriented surfaces can be considered on 
unoriented surfaces. A necessary condition is that the bulk partition function 
is symmetric under exchange of left and right movers. This restricts, for 
example, the values of the Kalb-Ramond field in toroidal compactifications 
|BPS92j. Moreover, if the theory can be extended to unoriented surfaces, 
there can be different extensions that yield inequivalent correlation functions. 
This has been studied in detail for WZW theories based on SU (2) in [ PSS95bl 
iPSS95aj; later on, this has been systematically described with simple current 

Unifying general formulae have been proposed in 


techniques 

|FHS+nnj : the structure has been studied at the level of NIMreps in [SS03j. 
Aspects of these results have been proven in [FRS04] combining topological 
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field theory in three-dimensions with algebra and representation theory in 
modular tensor categories. As a crucial ingredient, a generalization of the 
notion of an algebra with involution, i.e. an algebra together with an algebra- 
isomorphism to the opposed algebra, has been identified in | FRS04j : the 
isomorphism is not an involution any longer, but squares to the twist on the 
algebra. An algebra with such an isomorphism has been called Jandl algebra. 
A similar structure, in a geometric setting, will be the subject of the present 
article. 


The success of the algebraic theory leads, in the Lagrangian description, 
to the quest for corresponding geometric structures on the target space. From 
previous work [ BCW01 , 11SS02 , lBrufi2j it is clear that a map k : M —> M 
on the target space with the additional property that k*H = —H will be 
one ingredient. Examples like the Lie group 50(3), for which two different 
unoriented WZW models with the same map k are known, already show that 
this structure does not suffice. 

We are thus looking for an additional structure on a hermitian bundle 
gerbe which allows to define a Wess-Zumino term, i.e. which allows to de¬ 
fine holonomy for unoriented surfaces. For a general bundle gerbe, such a 
structure need not exist; if it exists, it will not be unique. 

In the present article, we make a proposal for such a structure. It exists 
whenever there are sufficiently well-behaved stable isomorphisms between the 
pullback gerbe k*Q and the dual gerbe Q*. If one thinks about a gerbe as a 
sheaf of groupoids, the formal similarity to the Jandl structures in [FRS04| 
becomes apparent, if one realizes that the dual gerbe plays the role of the 
opposed algebra. For this reason, we term the relevant structure a Jandl 
structure on the gerbe. We show that the Jandl structures on a gerbe on 
the target space M, if they exist at all, form a torsor over the group of flat 
equivariant hermitian line bundles on M. As explained in section 4.3, this 
group always contains an element L k _ v of order two. We show that two Jandl 
structures that are related by the action of L k _ x provide amplitudes that 
just differ by a sign that depends only on the topology of the worldsheet. 
Such Jandl structures are considered to be essentially equivalent. We finally 
show that a Jandl structure allows to extend the definition of the usual 
gerbe holonomy from oriented surfaces to unoriented surfaces. We derive 
formulae for these holonomies in local data that generalize the formulae of 
[ GR021 Alv85] for oriented surfaces. 


To give a concrete impression of a Jandl structure, we write out the local 
data of a Jandl structure for a given gerbe Q on the target space M. To this 
end, we first recall the local data of a hermitian bundle gerbe in a good open 
cover {Vi}i£i of M: we have a 2-form Bi for each open set V l , a 1-form Aij 
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on each intersection Vj fl Vj and a f7(l)-valued function g tJ k on each triple 
intersection ViC\VjC\Vk. They are required to satisfy the following constraints: 

9jki ' 9iki ' 9iji ' 9ijk = 1 
Ajk Aik T A-ij T dlog (flijk) 0 

—d Aij + Bj — Bi = 0. 


To write down the local data of a Jandl structure for a given involution 
k : M —> M in a succinct manner, we make the simplifying assumption that 
we have a cover {Vj}j £ / that is invariant under k, fc(Vj) = Vj, and that is 
still good enough to provide local data. The local data of a Jandl structure 
then consist of a C/(l)-valued function j % : Vi —■► U( 1) for each open subset, 
a C/(l)-valued function t l3 : Vi fl Vj —> f7(l) on two-fold intersections and a 
1-form Wi G O'(Vj). 

They relate the pullbacks of the gerbe data under k to the local data of 
the dual gerbe as follows: 

k*Bi = -Bi + dWi 
k*= -A^ - dlog (tij) + W 3 - Wi 
k 9ijk = 9ijk ' tjk • tik ' tij 

The local data of a Jandl structure are required to be equivariant under k in 
the sense that 


k*Wi 

k*Uj 

k*ji 


Wi - dlog &) 
tij ' jj ‘ ji 


It should be appreciated that the functions Uj are not transition functions 
of some line bundle; as we will explain in section 2.4, they are rather the 
local data describing an isomorphism of line bundles appearing in the Jandl 
structure. 

The notion of a Jandl structure naturally explains algebraic results for 
specific classes of rational conformal field theories. It is well-known that both 
the Lie group SU(2) and its quotient SO(3) admit two Jandl structures that 
are essentially different (i.e. that do not just differ by a sign depending on the 
topology of the surface). In the case of SU(2), this is explained by the fact 
that two different involutions are relevant: g i —> g~ l and g i—>• zg~ 1 , where 
z is the non-trivial element in the center of SU[2). Indeed, since SU(2 ) 
is simply-connected, we have a single flat line bundle and hence for each 
involution only two Jandl structures which are essentially the same. 

- 


t> 


The two involutions of SU( 2) descend to the same involution of the quo¬ 
tient SO( 3). The latter manifold, however, has fundamental group Z 2 and 
thus twice as many equivariant flat line bundles as SU(2). The different 
Jandl structures of -SO(3) are therefore not explained by different involu¬ 
tions on the target space but rather by the fact that one involution admits 
two essentially different Jandl structures. 

Needless to say, there remain many open questions. A discussion of sur¬ 
faces with boundaries is beyond the scope of this article. The results of 
[ FRS04 J suggest, however, that a Jandl structure leads to an involution on 
gerbe modules. Most importantly, it remains to be shown that, in the Wess- 
Zumino-Witten path integral for a surface S, the liolonomy we introduced 
yields amplitudes that take their values in the space of conformal blocks as¬ 
sociated to the complex double of £, which ensures that the relevant chiral 
Ward identities are obeyed. To this end, it will be important to have a suit¬ 
able reformulation of Jandl structures at our disposal. Indeed, the liolonomy 
we propose in this article also arises as the surface holonomy of a 2-vector 
bundle with a certain 2-group; this issue will be the subject of a separate 
publication. 

2 Bundle Gerbes with Jandl Structures 

2.1 Bundle Gerbes and stable Isomorphisms 

In preparation of the following sections, in this section we define an equiv¬ 
alence relation on the set of stable isomorphisms between two fixed bundle 
gerbes. To this end, we first set up the notation concerning bundle gerbes 
and stable isomorphisms. We mainly adopt the formalism used by Murray 
and collaborators, see [ CJM02 J for example, as well as by Gaw§dzki and Reis 
|GR02| . 

Definition 1. A hermitian U( 1) bundle gerbe Q with connection and curving 
over a smooth manifold M consists of the following data: a surjective sub¬ 
mersion 7r : Y —* M, a hermitian line bundle p : L —> with connection, 

an associative isomorphism 

/i : n* 2 L ® 7T* 3 L —+ 7 t* 13 L (1) 

of hermitian line bundles with connection over Y^\ and a 2-form C G ff 2 (R) 
which satisfies 

ir^C — irlC = curv(L). (2) 
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Here Y^ denotes the p-fold fiber product of it : Y —> M, which is a 
smooth manifold since 7r is a surjective submersion. For example 7 Ti2 : Y® —> 
Y ^ is the projection on the first two factors. 

Remark 1. From now we will use the following conventions: the term line 
bundle refers to a hermitian line bundle with connection, and an isomorphism 
of line bundles refers to an isomorphism of hermitian line bundles with con¬ 
nection. Accordingly, we refer to Definition 0 by the term gerbe. The 2-form 
C is called curving, and the isomorphism p is called multiplication. 

One can show that there is a unique 3-form H G h2 3 (M) with tt*F[ = dC; 
this 3-form is called the curvature of the gerbe and is denoted by H = 
cur v(G). 

To each gerbe Q , we associate the dual gerbe Q*. It has the same sur¬ 
jective submersion tt : Y —> M , but the dual line bundle L* —> Y^ with 
multiplication 

(/Y)- 1 : 7Ti* 2 L* 0 tt* 23 L* — 7 t* 13 L*, (3) 

and the negative curving —C. Accordingly, the curvature of the dual gerbe 
satisfies 

curv(CT) = -curv(^). (4) 

Even more, the classes of Q and the one of Q* in Deligne hypercohomology 
are inverses. 

For a smooth map / : iV —> M and a pullback diagram 


yf 

■Kf 

' ' 

N 




(5) 


7 Tf : Yf — > N is a surjective submersion, and together with the line bundle 
/ L over Yj J , the multiplication f*p and the curving f*C, we have defined a 
gerbe f*Q. If / : M —> M is a diffeomorphism, Yf is canonically isomorphic 
to Y, such that / = idy and iTf = / -1 o n. The curvature of the pullback 
gerbe is 

cur v(f*G) = f*cnrv(G). (6) 

Remark 2. As we did in the last paragraph, whenever there is a map f : 
Yf —> Y, we will use the same letter for the induced map on higher fiber 
products. 
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Definition 2. A trivialization T = (T, r) of a gerbe Q is a line bundle 
T T , together with an isomorphism 

t : L®n* 2 T —> n{T (7) 

of line bundles over Y^ 2 \ which is compatible with the isomorphism p of the 
gerbe. 

We call a gerbe Q trivial, if it admits a trivialization. A choice of a 
trivialization T gives the 2-form C — curv(T) G Q 2 (Y), which descends to 
a unique 2-form p G Q 2 (M) with n*p = C — curv(T). This 2-form satisfies 
dp = 77, so the curvature H of a trivial gerbe is an exact form. 

If there are two trivializations = (Tj, rf) and T 2 = (T 2 , r 2 ) of the same 
gerbe Q. one obtains an isomorphism 


a \= r 1 1 


To 


<(Ti ® Tf) 


ttZ(Ti ® Tf), 


( 8 ) 


of line bundles over . From the compatibility condition between the 
multiplication p and both T\ and r 2 the cocycle condition 


7T 23 Q! O 7T 10 a = 7T lq a 


'12 


13 L 


( 9 ) 


follows. Such an isomorphism determines a unique descent line bundle N 
M with connection together with an isomorphism v : tt*N I Bry93]. 

The two 2-forms p x and p 2 coming from the two trivializations are related by 

P 2 = Pi + curv(iV). (10) 

Definition 3. Let Q and Q' be two gerbes. A stable isomorphism 

A : G —> Q' ( 11 ) 


consists of a line bundle A 
curvature 


Z over the fiber product Z := Y' x m Y with 


curv(A) = p'*C' — p*C, 


and an isomorphism 


a 


p*L <g) p'*L' 


tt* 2 A 




( 12 ) 


(13) 


of line bundles over Z^ 2 \ which is compatible with the multiplications p and 
p' of both gerbes. 

Here p and p' denote the projections from Z to Y and to Y' respectively. 
Since the pullbacks of the curvings C and C' to Z differ by a closed 2-form, 
the curvatures of stably isomorphic gerbes, defined by the differential of C, 
are equal. 
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Definition 4. Let Q and Q' be two gerbes, and A\ and A 2 two stable iso¬ 
morphisms from Q to Q'. A morphism 

/3 : A\ ==>• A 2 (14) 

is an isomorphism f3 : Ai —> A 2 of line bundles over Z, which is compatible 
with ai and 02 in the sense that the diagram 


p*L®p'*L'* 0 tt^A 1 
p*L®p'*L'* 0 tt^A 2 


ai 


a 2 


n\Ai 

Ah 

tt*A 2 


(15) 


of isomorphisms of line bundles over Z ^ commutes. 


The definition of such a morphism of stable isomorphisms already ap¬ 
peared in [ SteOd j. We call two stable isomorphisms equivalent, if there is a 


morphism between them. This defines an equivalence relation on the set of 
stable isomorphisms between two fixed gerbes Q and Q'. 


2.2 Jandl Structures 

Recall that for a group K acting on a manifold M by diffeomorphisms k : 
M —* M, a Jl-equivariant structure on a line bundle L —> M is a family 
{ ( P k } keK °f isomorphisms 

p k : k* L —> L (16) 

of line bundles, which respect the group structure of K in the sense that 
ip 1 : L —> L is the identity, and the multiplication law 

^k lk2 = ^k 2 Q k *^hy 

is satisfied. Remember that according to our convention in Remark |T] all 
line bundles have connections, and all isomorphisms of line bundles preserve 
them. In this article, we only consider the group K = Z 2 for the sake of 
simplicity. 

Let Q be a gerbe over M and let K = Z 2 act on M. Denote the action 
of the non-trivial element k by k : M — > M. Assume that there is a stable 
isomorphism A = (A, a) : k*Q Q*. Recall that in this particular situation, 
A is a line bundle over the space Z = Y k x M Y, where Y k := Y and 7i k : = 
k~ x o 7T as in our discussion of the pullback of Q by a diffeomorphism k. We 
still denote the projections from Z to Y and to Y k by p and p' respectively. 
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Define the surjective submersion i^z := n o p : Z —> M. As k 2 = id^, the 
permutation map 


k : Z —> Z : (y fc ,y) 
gives the following commuting diagram: 


(9, Si) 


(18) 


7TZ 



(19) 


Furthermore, since also k 2 = idz, we even have a lift of the action of K into 
Z. 

Definition 5. A Jandl structure onQ is a collection J = ( k , A , 99 ) consisting 

of 


• a smooth action of K = Z 2 on M, where we denote the non-trivial 
element and the diffeomorphism associated to that non-trivial element 
by k : M —> M. 

• a stable isomorphism of gerbes A = (A, a) : k*Q —> f/*. 

• a K-equivariant structure p p k on the line bundle A, which is com¬ 
patible with the stable isomorphism A in the sense that the diagram 

p'*L®p*L®ir*A- 

l(g)ligi7rJ</3 

p'*L (8) p*L <g) k*n* 2 A 

of isomorphisms of line bundles over Z^ commutes. 

We can immediately deduce a necessary condition for the existence of a 
Jandl structure for a given gerbe Q, namely the condition, that the gerbes 
k*Q and Q* are stably isomorphic. Since the curvatures of stably isomorphic 
gerbes are equal, this in turn demands 

k*H = -H (21) 

for the curvature H = curv((J) of Q. In particular, there will be gerbes 011 
manifolds with involution which do not admit a Jandl structure. 


^7T l A 
k*nlA 


( 20 ) 
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Definition 6. Two Jandl structures J and J' on the same gerbe Q are 
equivalent, if the following conditions are satisfied: 

• the actions are the same, i. e. k and k! are the same diffeomorphisms, 

• there is a morphism (3 : A =>• A! of stable isomorphisms in the sense of 
Definition [|] such that 

• (3 : A —> A' is even an isomorphism of K-equivariant line bundles on 

Z. 


Next, we show that Jandl structures behave well under the pullback of 
gerbes along a smooth map / : N —> M. Let J = (k,A,<p) be a Jandl 
structure on Q. Assume, that there is an action of K = Z 2 on N by a 
diffeomorphism g, such that the diagram 


N —M 

9 k 

N —M 


( 22 ) 


commutes. Consider the pullback of Q by / as discussed before, and define 


Z, := (Yf) g x„ Y, 


and the permutation map g : Zj Zj. Then 


Zf 

nZ f 


' ’ 



N 


f 


M 


(23) 


(24) 


is a cube with commuting faces. It follows that f*A := ( f*A , f*a) is a 
stable isomorphism from g* f*Q to f*Q*. Furthermore, f*ip is a iL-equivariant 
structure on f*A, where K acts by g. In summary, 

f*J := (g,f*A,f*(p) (25) 

defines a pullback Jandl structure on f*Q. 
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2.3 Classification of Jandl Structures 

If a gerbe Q admits a Jandl structure, it is natural to ask, how many inequiv¬ 
alent choices exist. So we are interested in the set Jdl(C7, k) of equivalence 
classes of Jandl structures J = (k, —, —) with a fixed action of K = Z 2 via 
k. This will be crucial in the discussion of the unoriented WZW model in 
section 01 

To approach this task, we first investigate the set Hom(tJ, Q') of equiva¬ 
lence classes of stable isomorphisms between Q and Q'. We start by recalling 
the following 

Lemma 1 ( |CJM02| ). 

(%) If N —>• M is a flat line bundle and A = ( A , a) is a stable isomorphism, 
then N.A := (A 0 vr^IV, a 0 1) is also a stable isomorphism. 

(ii) If Ai = (di,aq) and A 2 = (A 2 , ct 2 ) are two stable isomorphisms, then 
there is a unique flat line bundle N —> M such that A\ and N.A 2 are 
equivalent as stable isomorphisms. 

Proof. For the first part we note that because N is flat, A and A 0 n* z N 
have the same curvature, so that (fl2li is satisfied. For the second part, we 
use the isomorphism 

af x ®a* 2 : ^flAx^Alf) —> ^(^ 10 ^) ( 26 ) 

which satisfies the cocycle condition because of the compatibility of an and a 2 
with /i and p'. This determines a unique line bundle N —> M with connection 
together with an isomorphism v : tt* z N —> Ai® A 2 . Because (fT2li requires 
the curvatures of both Ai and A 2 to be the same, N is flat. Now v deter¬ 
mines an isomorphism A x —> A 2 ®ir z N , which is a morphism Ai =>■ N.A 2 . □ 

We denote the group of isomorphism classes of flat line bundles over M 
by Pico(M). It is a subgroup of the Picard group Pic(M) of isomorphism 
classes of hermitian line bundles with connection over M. 

Lemma 2. The set Hom((/, Q') of equivalence classes of stable isomorphisms 
is a torsor over the flat Picard group Pico(M). 

Proof. We will (a) define the action and show, that it is (b) transitive 
and (c) free. 

(a) We act [N]. [A] := [IV. ^4], where the right hand side was defined in 
Lemma [H (i). This definition is independent of the choice of repre¬ 
sentatives N and A', an isomorphism N N r gives an isomorphism 


12 




N.A —> N'.A, which in fact is a morphism of stable isomorphisms 
N.A =>■ N'.A. On the other hand, a morphism A =>■ A! of stable 
isomorphisms induces a morphism N.A =$■ N.A'. 

Because N.A is defined using the group structure on the group of iso¬ 
morphism classes of line bundles with connection, it respects the group 
structure on Pico(M), and hence defines an action. 

(b) The transitivity follows directly from Lemma [j] (ii). 

(c) Let [«4] be an element in Horn [Q,Q'), let N be a flat line bundle and 

let us assume that N.A and A are equivalent, in particular A 0 Tt* z N 
is isomorphic to A. Since N is unique by Lemma [Tj (ii), it is the trivial 
line bundle. Hence the action is free. □ 


This lemma allows us to make use of the flat Picard group Pic 0 (M). 
Remember that line bundles are, according to our convention in Remark 
HI line bundles with connection. It is well understood |Bry93| , that the 
Picard group Pic(M) of isomorphism classes of line bundles fits into the 
exact sequence 


0-- H 1 (M, U{1)) -- Pic(M) -S- H 2 (M) . (27) 

In particular this means Pic 0 (M) = H 1 (M, U(l)). This cohomology group 
can be computed using the universal coefficient theorem 

0 — Ext(H 0 (M), £7(1)) — H 1 (M, £7(1)) — Hom(H 1 (M), £7(1)) — 0 (28) 

If M is connected, the Ext-group is trivial and we obtain 

Pico(M) = Hom(7n(M), £7(1)). (29) 


An equivariant version of Lemma [2] applies to Jandl structures. We de¬ 
note the group of isomorphism classes of flat Ji-equivariant line bundles by 
Pic^ (M) and call it the flat A"-equivariant Picard group. In this equivalence 
relation isomorphisms are isomorphisms of equivariant line bundles with con¬ 
nection. 

Theorem 1. The set Jdl (G,k) of equivalence classes of Jandl structures 
on Q with involution k is a torsor over the flat K-equivariant Picard group 
PicJ'(M). 
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Proof. 


(a) We first describe the action of a flat line bundle N over M with equiv- 
ariant structure v on a Jandl structure J = (k, A, tp). According to di¬ 
agram (USD, tt* z v : n z N —> k*7i z N is a A"-equivariant structure on tt z N. 
Now, by taking the tensor product of A and n z N as A"-equivariant line 
bundles, we obtain an equivariant structure p® n* z v on the line bundle 
of N.A. So we define 


N.J := (k, N.A , p 0 k* z v). 


(30) 


Since 


^[ 2 ] — *■ Z 


7T2 


7TZ 




( 31 ) 


commutes, we have 'kI'k* z v = t* z v. This shows that condition (1201) 
for Jandl structures is satisfied for N.J. The arguments in the proof 
of Lemma [2] (a) apply here too and show that this defines an action on 
equivalence classes. 


(b) Let two equivalence classes of Jandl structures be represented by J\ 
and J 2 . We already know from Lemma Q] (ii) that there is a flat line 
bundle N ^ M together with an isomorphism [3 : A\ — > A 2 0 n* z N, 
which is a morphism of stable isomorphism (3 : W.^4i =>■ ^4 2 - We have 
to show that there is an equivariant structure on N such that (3 is an 
isomorphism of equivariant line bundles. Remember that we defined 
N by a descent isomorphism cxf 1 0O!?; in (l26l) . Because the equivariant 
structures on A\ and A 2 are compatible with a\ and CK2 respectively 
due to the property (1201) of Jandl structures, the descent isomorphism 
is an isomorphism of equivariant line bundles. Thus N is an equivariant 
line bundle, and (3 is an isomorphism of equivariant line bundles. 


(c) Let J = (k, A, p) represent a Jandl structure on Q, and let N be 
a flat line bundle over M with equivariant structure v, such that 
N.J and J are equivalent. It follows from Lemma [2] that N is 
the trivial line bundle. Furthermore, n* z v is the trivial equivariant 
structure on n* z N, so that v is the trivial equivariant structure on N. □ 


For an action of a discrete group K on M, an equivariant version of the 
sequence (1271) is derived in [Gom03j, namely 

0-- H^(M, R(l))-- Pic^(M) £l 2 (M) K . (32) 
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Here, H^(M, 17(1)) is the equivariant cohomology of M, i.e. the cohomology 
of the associated Borel space. In particular, we get for flat equivariant line 
bundles 


Pic^(M) = H^(M,H(l)). 


(33) 


2.4 Local Data 


Let Q be a gerbe over M and 53 = {Vi} ieI be a good open cover of M. Let 
Mrrj be the disjoint union of all the Vi’s. The p-fold fiber product of over 
M is just the disjoint union of all p-fold intersections of the Vi’s. Recall from 
[ C.IM02 ] how to extract local data from Q: 

A choice of local sections : Vj —* Y gives a fiber preserving map s : 
M<s —> Y by (x,i) h->• Si(x). Pull back the line bundle L —> with its 

connection V along s to a line bundle on the double intersections, and choose 
local sections : Vi fl Vj — > s*L. Pull back the isomorphism /x of the gerbe, 
too. Then define local data, namely smooth functions g l3 k : V) D Vj fl 14 —» 
f/(l), real-valued 1-forms A i3 G fT(Vj fl Vj) and 2-forms G f2 2 (V)) by the 
following relations 


S fl (7R2 ^ij 


® ^~23 ®jk) 9ijk * ^*13 ^ik 

(34) 

S V i^ij) T & Gij 

(35) 

Bi = slC . 

(36) 


These local data give elements g, A , B in the Cech-Deligne double com¬ 
plex for the cover 53, and the cochain (g, A, B ) satisfies the Deligne cocycle 
condition 


D (g,A, B) = ( 1,0,0), 


(37) 

or equivalently in components 

9jki ' Qiki ' 9iji ' 9ijk ~ 

1 

(38) 

Ajk Aik T A r j -f- dlog ifjjjk) 

0 

(39) 

— dAjj + Bj — Bi = 

0. 

(40) 

Furthermore, it satisfies 

d Bi — H\ Vi , 


(41) 


where the 3-form H is the curvature of the gerbe. 

The dual gerbe and the pullback gerbe f*Q along some map / : N —* 
M can be conveniently expressed in local data as follows: by choosing the 
same s* and the dual sections cq*, one gets (g- 1 , —A, —B) = — (g,VL, T>) as 
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local data of Q*. Furthermore, if we induce a cover {/ _1 V)}; e / of N, and 
choose the pullback sections /*s* and /V^-, then we obtain (f*g, f*A, f*B ) = 
f*(g , A, 5) as local data of f*Q. 

We next need to derive local data of trivializations and stable isomor¬ 
phisms. So, let T = (T, r) be a trivialization of Q. Since T is a line bundle 
over Y, we can pull it back with s : Mrrj Y to a line bundle over the 
open subsets, and choose local sections cq : Vi —> s*T. We also pull back the 
isomorphism r to an isomorphism 

s*t : s*L®tt*s*T —> (42) 

Then we obtain smooth functions h^ : fl Vj —> U( 1) by 

S*T ( a.ij <g) 7 T2<Tj) = hij ■ 7ll<7i. (43) 

Let ▼ be the connection of T. It defines connection 1-forms Mj e f2 1 (14) by 

s*V{<T i ) = jM i ®(T i . (44) 

The local data h and M are again elements in the Cech-Deligne double 
complex. Now the compatibility of r and /i in Definition [2] is equivalent to 

9ijk = h^ ■ h ik ■ hjk , (45) 

and the condition, that the isomorphism r respect connections, is equivalent 
to 

Aij = — dlog (h^) + Mj - Mi. (46) 

Furthermore, the local 2-form p = Bi + d Mi coincides with the 2-form p ob¬ 
tained from Definition El The last three properties of h and M are equivalent 
to the Deligne coboundary equation 

(g,A,B) = (l,0,p) + D(fi,M). (47) 

Now consider a stable isomorphism A : Q —> Q' of gerbes over M. With 
respect to the good open cover we may have chosen local sections 

Si, and s', a' tJ to get local data (g,A,B) and ( g',A',B') of Q and Q' 
respectively. We construct a map 

s : My —* Y x M Y' : (x,i) i—+ (s*(x), s'(x)), (48) 

and pull the line bundle A —> Y x M Y' of the stable isomorphism together 
with its connection ▼ back to M#. We also pull back the isomorphism a and 
get an isomorphism 

s*a : s*L 0 s'*L'* 0 ti* 2 s*A —* A- (49) 
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Then we choose local sections o % : V t —f s* A. We obtain local data in form 
of smooth functions t t j : V) fl Vj —> 17(1) and connection 1-forms W t G fR(Vi) 
by the following relations: 

= t i:j ■ (50) 

= yWj^CTj. (51) 

Note that the functions t t j are not transition functions of some bundle but 
are defined by the isomorphism a. 

These local data t and W are elements in the Cech-Deligne double com¬ 
plex. The compatibility of a with the isomorphisms /i and ji' of both gerbes 
as isomorphisms of hermitian line bundles with connection according to Def¬ 
inition [3] is equivalent to 

9ijk • 9ijk = tjk • t ik ■ tij (52) 

Aij - = -dlog (t^ + Wj-Wi (53) 

while the condition (fl2|) on the curvature of A is equivalent to 

Bi - B[ = dWi. (54) 

The three last equations are in turn equivalent to the Deligne coboundary 
equation 

(g,A,B)-(g',A',B') = n(t,W). (55) 

This formalism of local data reproduces results on bundle gerbes and their 
stable isomorphisms, for example Lemma [l] (ii). Consider again two gerbes 
Q and Q', and now two stable isomorphisms A\ and both from Q to Q'. 
We may have extracted local data (fi, W\) of A\ and (t 2 , W 2 ) of ^4 2 suc h that 
equation fl5ol) holds for both. It follows 

D(t ■ f /_1 , W — W') = (1, 0, 0), (56) 

which is the Deligne cocycle condition for a flat hermitian line bundle over 
M. This is the bundle N constructed in Lemma Q] (ii). 

We are now in a position to derive the local data of a Jandl structure 
J = (k, A, ip) on a gerbe Q. Recall that k : M ^ M is the action of the 
non-trivial element of K = Z 2 acting on M, in particular k 2 = id m- We 
simplify the situation by considering an open cover 23 = of M, which 

is invariant under k, i.e. k(Vi) = V), and which is still good enough to enable 
us to extract local data. The generalization other covers is straightforward, 
but makes the notation somewhat more cumbersome. 
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Recall further that A is a stable isomorphism from k*Q —> Q*. Let (t, W) 
be local data of A , obtained by pulling back the line bundle A —> Z by 
s : Mqj —> Z from equation (l48l) and choosing local sections a; : R —> s*A 
As we derived for the local data of the dual gerbe and the pullback gerbe, 
equation (1551) here appears as 

k*(g,A,B) = -(g,A,B)+D(t,W), (57) 

or equivalently: 

k*B t = -Bi + dWi (58) 

k*Aij = -A i: j - dlog(t ii ) + Wj - Wi (59) 

h Sijk — 9ijk ' tjk • tik ' Uj ( 60 ) 

Now recall that a part of a Jandl structure is a i7-equivariant structure 

( p : k*A —> A on A. By pullback with s. we obtain 

s*if : k*s*A — > ( 61 ) 

Now, because a* is a section of s*A, k*Oi = a, o k is a section of k*s*A on the 
same patch Vi, since the latter is invariant under k. This allows us to extract 
a local f/(l)-valued functions ji : V —* 17(1), defined by 


sV(cTi) = ji ■ Gi O k. 

(62) 

The compatibility of p with a in the sense of diagram (l20l) 

is equivalent to 

k * = 

(63) 

or in turn equivalently 


k*Wi = W t - dlog(ji) 

(64) 

k*tij = t l3 ■ jj x ■ j t . 

(65) 

By definition of an equivariant structure, the K = Z 2 group law (TlTh is 

satisfied. In terms of local data, this is equivalent to 


k*ji = ji 1 - 

(66) 


In summary, the Jandl structure J = (k, A, ip) gives rise to local data 
(t, W) and j which satisfy the following three conditions: 


k*(g, A, B) = —(g, A, B) + D(f, W) 
k*(t,W) = (t,W)-D(j) 
k‘ji = ip 
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(67) 

( 68 ) 
(69) 


Again, using local data, we can reproduce results on Jandl structures 
like Theorem [I] In detail, let J be a Jandl structure on Q with local data 
(t,W) and j. Let TV be a flat A"-equivariant hermitian line bundle over M 
with transition functions n tJ : Vi fl V) —> 17(1) and local connection 1-forms 
Ni E 0 1 ( 17 ) with 

B{n,N) = (1,0,0). (70) 

The equivariant structure on N determines smooth functions : V) —■► 17(1) 
with 

k*(n, N) — (n, N) — D(i/) (71) 

and k*v = z/ _1 . Then, 

:= (t,W) + (n,N) (72) 

f ■= 3-v ( 73 ) 

are local data of the Jandl structure N.J. Indeed, equation (f6Th is satished 

because of the Deligne cocycle condition (1701) . Compute 

k*(t',W') = k*(t, W) + k*(n, N) 

= (t,W)-D(j) + (n,N)-D(u) 

= (; t',W')-D(j '), (74) 

this is equation (l68l) . and the last equation (l69l) for j' is just a consequence 
from the conditions on j and u. 

Let now J and J 1 be two Jandl structures on Q with local data (f, W),j 
and (t',W'),j' respectively. 

(n,N):=(t,W)-(t',W) (75) 

are the local data of the flat descent line bundle N, and using equation (1671) . 
we get its cocycle condition 

B(n,N) = (1,0,0). (76) 


Now compute 

k*(n, N) = k*(t,W)-k*(t',W') 

= (t,W)-DV)-(t,W') + DW) 

= (n,N)~ D(u), (77) 

where we defined v := j ■ j'~ l . Hence, N and k*N are isomorphic as her¬ 
mitian line bundles with connection via an isomorphism represented by u. 
By definition, we have k*v = this means, that v is a i7-equivariant 
structure. 
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Holonomy of Gerbes with Jandl Structure 


3.1 Double Coverings, Fundamental Domains and Ori¬ 
entations 

Let us first recall the setup that allows to define holonomy around closed 
oriented surfaces. This is a gerbe Q over M and a closed oriented surface £ 
together with a smooth map (f) : £ —■> M. Following |CJMQ2| . we pull back 
Q along 0 to a gerbe over £. For dimensional reasons, f>*Q is trivial. As 
explained in section l2Tl a trivialization T determines a 2-form p 6 ff 2 (£), 
while another trivialization T determines a 2-form p' = p + curv(iV). Since 
curv(A’) defines an integral class in cohomology, we have 

j p' — P m °d 27 tZ. (78) 

J s Jt, 

So the integral is independent of the choice of a trivialization up to 2-nZ, and 
admits therefore the following 

Definition 7. The holonomy of Q around the closed oriented surface <f : 
£ — M is defined as 

holg(0, £) := exp ^i J p^j e U( 1). (79) 

We state three important properties of this definition: 

• The dual gerbe has inverse holonomy, 

ho\ g ((j), £) = holg«(0, £) -1 . (80) 

• If A : Q — > Q' is a stable isomorphism, we have 

hoi g(4>, £) = hol gi(<f), £). (81) 

• By £ we denote the same manifold £ with the opposite orientation; 
then we obtain 

holg(0,£) =hol g (^,£)- 1 . (82) 

Obviously, the orientation on £ is essential for this definition. In this 
section we will define the holonomy around unoriented or even unorientable 
surfaces. The most important property of this definition will be, that it 
reduces to Definition [T] if £ is orientable and an orientation is chosen. One 
of the main tools will be an orientation covering. 

Let £ be a smooth manifold (without orientation). 


20 






Definition 8. An orientation covering o/E is a double covering pr : E —» E 
with an oriented manifold E, such that the canonical involution a : E —> E 
is orientation-reversing. 

Recall three basic properties of orientation coverings (some of them can 
be found for example in [BG88J): 

• it is unique up to orientation-preserving diffeomorphisms of covering 
spaces. 

• the canonical involution a : E —> E preserves fibers and permutes the 
the sheets. 

• under the assumption that E is connected, E is connected if and only 
if E is not orientable. 

Due to the first point, by E we will from now refer to this unique orien¬ 
tation cover. Let k : M —> M be an involution on M. By C' 00 (S, M) a,k we 
denote the space of smooth maps <f> : E —> M for which the diagram 

/s 

E- -M 

a k 

E— 

<f> 

commutes in the category of smooth manifolds (neglecting orientations). 

Let E be orientable. 

Lemma 3. An orientation on E defines a bijection 

C°°(£,M) a ’ k —> C7°°(E,M). (84) 

Proof. Since E is orientable, E consists of two disjoint copies of E with 
opposite orientations. An orientation on E is a global section or : E —> E 
in the covering pr : E —> E. Now let <f) : E —> M be a map. Define its 
image as <f> := 0 o or. On the other hand, given a map 0 : E —^ M , we 
define the preimage (j) on the two sheets of E separately as <f> | or (s) := and 
01 (Tor(x) := k o cj) respectively. □ 

If E is not orientable or no orientation of E is chosen, we will make use 
of the following generalization of an orientation. 

Definition 9. A fundamental domain for E in E is a submanifold F C 
E possibly with (piecewise smooth) boundary, satisfying the followmg two 
conditions as sets: 


(83) 
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(i) F n a(F) = dF 

(ii) F U a(F) = £ 

This is a generalization of an orientation on £ in the sense, that any 
orientation on £ gives a global section or : £ —> £ which in turn defines a 
fundamental domain, namely F := or(£), one of the two copies of £ in £. 

We show the existence of such a fundamental domain for an arbitrary 
closed surface £ by an explicit construction, which we will also use in section 
13.31 Let it = {Ui}i<z] be an open cover of £, which admits local sections 
or* : Ui —> £. One can think of such sections as local orientations. Choose 
a dual triangulation T of £, subordinate to the cover It, together with a 
subordinating map i : T —> I. So, for each face / E T there is an index i(f) 
with / C as well as for each edge e G T and for each vertex v E T. 

Because we have a dual triangulation, each vertex is trivalent. 

Consider a common edge e = f\ O fa of two faces /1 and /a- We call the 
edge e orientation-preserving, if 

°W(/i)(e) = ° r i(/ 2 )(e), (85) 

otherwise we call it orientation-reversing. So the set of edges splits in a set 
E of orientation-preserving, and a set E of orientation-reversing edges. If v 
is a vertex, the number of orientation-reversing edges ending in v must be 
even, and since we started with a dual triangulation, it is either zero or two. 
Hence, the edges in E form non-intersecting closed lines in £. 


£ 


£ 


£ 



Figure 1: The construction of a fundamental domain by 
local orientations for a dual triangulation. 


Define the subset 

F := 1J °H(/)(/)- (86) 

fer 
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of E and endow it with the subspace topology. The boundary of F is exactly 
the union of the preimages of orientation-reversing edges under the covering 
map, 

dF= Up r_1 ( e )= ( 87 ) 

e£E 

and hence a disjoint union of piecewise smooth circles. This shows that F 
is a submanifold of E with piecewise smooth boundary. It satisfies the two 
properties of a fundamental domain, and hence shows the existence of such 
a fundamental domain. 

Let now F be any fundamental domain for E in E. The following obser¬ 
vation will be essential. 

Lemma 4. The quotient dF := dF/cr is a 1-dimensional oriented closed 
submanifold of E. 

Proof. We act with a on property (i) of the fundamental domain F: 

a(dF) = a(Fna(F)) = Fna(F) = dF (88) 

This shows that a restricts to an involution on dF. Since a acts on E 
without fixed points, the quotient dF/a is a submanifold of E, and as dF 
is closed, so is the quotient. The orientation of E induces an orientation on 
F. Because a is orientation-reversing, the orientation of cr(F) is opposite to 
the one induced on a(F) as a submanifold of E. Hence, dF and d(a(F)) 
are equal as sets as well as as oriented submanifolds. Thus a preserves the 
orientation on dF. □ 



Figure 2: The orientation on dF. 
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3.2 Unoriented Surface Holonomy 

The setup for the definition of holonomy around closed unoriented surfaces 
is 


• a gerbe Q over a smooth manifold M with Jandl structure J = (k, A, ip) 

• a closed surface £ 

• a map </> E C'°°(£, M) a,k 

The idea of the definition is the following: Pull back the gerbe Q to £ 
along (j), choose a trivialization and determine the 2-form p E f2 2 (£) as in 
Definition 0 Choose a fundamental domain F for £ in £. The integral 

exp i j p (89) 

is independent neither of the choice of the trivialization - which enters in 
p - nor of the choice of the fundamental domain F. The Jandl structure, 
however, allows to correct (l89li by a boundary term in such a way that the 
holonomy becomes well-defined. 

We will now give a detailed definition of this boundary term, and then 
show that it gives rise to a well-defined holonomy. 

Recall that a gerbe Q consist of the following data: a surjective submersion 
7r : T —> M, a line bundle L —> Y^ 2 \ an isomorphism /x, and a 2-form 
C E f2 2 (T). Recall that the pullback gerbe </>*£ consists of a pullback 


Y+ 





7T 


£ 



(90) 


the pullback line bundle <p*L , isomorphism (j)*p and 2-form (p*C. Accord¬ 
ingly, a trivialization T of (p*Q is a line bundle T —> together with an 

isomorphism 

t : 4>*L 0 7r 0 *T —> (91) 

of line bundles over Y^. It determines a 2-form p E f2 2 (£) with 

n^p — (f>*C — curv(T). (92) 
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Due to the commutativity of diagram (l83|) . (j)*J = ( a , (ft* A, ft*<p) is a Jandl 
structure on ft*Q. Recall that part of the data are a line bundle (ft*A —> 
over the space Z$ := (Yft)^ Y^,, and an isomorphism 

ft*a : p'*ft*L 0 p*ft*L* 0 n^ft*A —> n^ft*A (93) 

of line bundles over z¥\ where p and p' are the projections in 


■Y* 


p‘ 

Y 


^ ft 


CTOTTtft 


(94) 


Further, the action of K by a lifts to Z^ via the permutation map a , and 
ft*J contains an iF-equivariant structure ft*p on ft*A. 

Combining the trivialization with the Jandl structure, we define a line 
bundle 

R := ft*A 0 p'*T* ® p*T* (95) 

over Z^. In addition, we define an isomorphism 

r := ft*a -1 ® p'*T* 0 p* t* : —* 71 ^*R (96) 

[21 

of line bundles over Z^ . The compatibility of r and a with the isomorphism 
p of Q guarantees the cocycle condition 

7l <p23 r ° n il2 r = n t*l3 r ( 97 ) 


[31 

over Zft . hence R determines a unique descent line bundle R —> S, together 
with an isomorphism ttz^R —»► R. We shall compute the curvature of these 
bundles, namely 


/m ® 
curv [R) — 

ft*curv (4) — p'*curv (T) — p*curv (T) 

(98) 

Op 

p'*(ft*C — curv(T)) + p*(ft*C — curv(T)) 

(99) 

up 

p'A^p + p*t:Ip 

(100) 

1941) 

^Z^P + P)- 

(101) 

Hence the curvature of R 

! is 



curv(R) = a* p + p. 

(102) 
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The next step is to define cr-equivariant structure on R. Note that 
the canonical permutation of tensor products is an equivariant structure on 
p'*T* ®p*T* , since the permutation map a exchanges p and p'. Together with 
the equivariant structure (f>*ip on <f>*A , the tensor product (l9ol) is the tensor 
product of two equivariant line bundles. By definition of a Jandl structure 
p is compatible with a, which means that the descent isomorphism r is an 
isomorphism of equivariant line bundles. Hence, also the descent bundle R 
over E is endowed with an equivariant structure. 

It is a standard fact [ Gom03l BryOO], that if K is discrete and acts freely, 
a K -equivariant line bundle R —> E defines a unique line bundle Q on the 
quotient E /K = E. 

Now choose a fundamental domain F of E in E. 


Definition 10. The holonomy of the gerbe Q with Jandl structure J around 
the unoriented closed surface E is defined as 

hol giJ (0,E) := exp ^i J ft) ■ 1io1q(&F) _1 . (103) 

In this definition, the compensating term 1io1q(<TF) is the holonomy of 
the line bundle Q around the one-dimensional closed oriented submanifold 
OF. 

Theorem 2. The holonomy defined in De finition ITU depends neither on the 
choice of the fundamental domain F nor on the choice of the trivialization 

T. 


Proof. Let F' be another fundamental domain. We define the set 


B := Int(F) na(Int(F')), 


(104) 


where Int denotes the interior. As the intersection of two open sets, B is 
open and hence a submanifold of E. It contains those parts of F, which are 
not contained in F' (cf. Figure [3]). Because we excluded the boundaries of 
F and F', we have 

B n a(B) = 0, (105) 

such that there is a unique section or B : pr (B) —> E with image B. 

From Figure [3l we have 



( 106 ) 
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Figure 3: The difference between two fundamental do¬ 
mains. 


since a is orientation-reversing. By Stoke’s theorem, the exponential of the 
integral of the curvature of R over B is nothing but the holonomy of that 
line bundle around dB. Thus, 

exp i ! curv(.R)^ = hoi ^(dB) -1 = hol< 3 (pr(<TB)) _1 . 

This is the term which is compensated by the boundary term, which is 
holQ(aP)- 1 = holQ(aF)- 1 • hol Q (pr(&B)). (107) 

In summary 

exp j pj ■ IioIq (chF') -1 = exp ^i j f^J ' holQ(<9F) _l . (108) 

i.e. the holonomy is independent of the choice of the fundamental domain. 

Now let T' = (r', T') be another trivialization of As discussed in 
section 12.11 there is a line bundle IV —> £ together with an isomorphism 
v : 0 T' -> T, such that the 2-forms p and p' are related by 

p! = p + curv(fV). (109) 

For the line bundle R defined in (f9ol) this means 

R' = R <g> N 0 n* z N, (HO) 
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and its descent line bundle R! is 


R' = R® <j* N 0 N. 


(Ill) 


This is an equation of er-equivariant line bundles, where R and R' obtain 
equivariant structures from the Jandl structure as described before, and K : = 
a*N 0 N carries the canonical cr-equivariant structure by permuting the 
order in the tensor product. Hence, equation (11111) pushes into the quotient, 
namely 

Q' = Q®K. (112) 

The holonomy of the descent bundle K satisfies 

hoi R (dF) = hoi N (dF) = hol a * N (dF). (113) 


This finally means 


exp (i / p ') • holg/ (dF) 


-l 


iflOQl 


= exp i / p + curv(lV) • ho\ Q(B)R (dF) 


HH 

= exp i i 


v-l 


p ■ hoi N (dF) • holsidF)- 1 • hoi Q (dF) 


\-i 


= exp i / p • IioIq(cIF) 


\-i 


thus the holonomy is independent of the choice of the trivialization. 


(114) 

(115) 

(116) 

□ 


The following Lemma asserts that the definition of holonomy is compat¬ 
ible with the definition of equivalence of Jandl structures. 

Lemma 5. The holonomy of a gerbe Q with Jandl structure J only depends 
on the equivalence class of J. 

Proof. Let J = (k,A,(p) and J' = {h,A!,ip') be two equivalent Jandl 
structures on Q. It is shown in Theorem Q] that there is a unique flat equiv¬ 
ariant line bundle N on iff, such that N.A = A' as equivariant line bundles. 
Because the action of Pic^(M) is free, and A and A' are isomorphic, N is 
the trivial equivariant line bundle. Remember the definition of the bundle 
R —> Z in equation (l9ol) . For the two Jandl structures we get R' = f?07r^iV, 
and hence the descent bundles R! = f? 0 N over E. Since N is the trivial 
equivariant line bundle, R' and R are isomorphic as equivariant line bundles, 
and thus define isomorphic line bundles Q' and Q over E. Isomorphic line 
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bundles have the same holonomies, so Definition m is independent of the 
equivalence class of J. □ 

An important condition for any notion of unoriented surface holonomy is 
its compatibility with ordinary surface holonomy for oriented surfaces: 

Theorem 3. J/S is orientable, for any choice of an orientation, the holon¬ 
omy defined in Definition Q7] reduces to the ordinary holonomy defined in 
Definition 0 

hoi g tJ (4>, E) = hoi g (<f>, E), (117) 

where 0 and 0 are related by the bijection of Lemma 0 In particular, if Q 
admits a Jandl structure, the holonomy of Q does not depend on the orien¬ 
tation. 

Proof. Let or : E -> S be a choice of an orientation on £. Then 
F := or(E) is a fundamental domain with empty boundary dF = 0. 
Choose a trivialization T of <f>*Q to obtain the 2-form p G f2 2 (£). Then 
the left hand side is equal to exp i / or(S ^ p, because of Theorem El Be¬ 
cause 0 and 0 correspond to each other, or *<p*Q is the same gerbe as 
( j>*Q , and or*T is a trivialization with 2-form p = or*p. Thus, the right 
hand side is equal to exp i f s p and therefore equals the ordinary holonomy. □ 


3.3 Holonomy in Local Data 

Let (Lhe/ be an open cover of M. To avoid notation, we assume that it 
is invariant under k and still good enough to admit all the local sections 
necessary to extract local data ( g,A,B ) of the gerbe Q and ( t,W,j ) of the 
Jandl structure J, as we explained in section 12.41 We pull back the cover 
along 0 : E —> M and obtain a cover {Ui}i & i with t/, : := 0 -1 (l0), 
together with pullback local data. Next, choose local data (h, M) of the 
trivialization T of the pullback gerbe and a 2-form p G D 2 (E), so that 

(><?, 4>*A = (1, 0, p) + D (h, M ) (118) 

holds. Following the definition of the bundle R —> Z in equation f(95]) . the 
bundle R —> E has local data 

(r, R) ■= 0*(t, W) - a*(h, M) - (h, M); (119) 

the condition that R descends is equivalent to the Deligne cocycle condition 

D(r, R) — (1, 0), (120) 
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which follows from equations (11181) and (1671) . 

Because <f> is an element of M) cr,fc , the pullback cover is invariant 

under a. Hence it projects to a cover of £ with open sets U t := pr (Ui). Choose 
local sections or* : Ui —> £ and a dual triangulation T of S, subordinate to 
the cover {Ui}i £ j, together with a subordinating map i : T —> I. As we did 
in section 13.11 we choose the fundamental domain 

F := |J or .</>(/), ( m > 

feT 

where the /’s are the faces of the triangulation. 

We now introduce three abbreviations. Let <J\ G fl 2 (£/*), ajh G 
and ujijk : l/jHlIjOUf- —> 17(1) be some local data. First we denote the integral 
over a face / by 



• E[ (° r w) (c» i ( 122 ) 

v£de 

where e(f,e,v) G {1,-1} indicates, whether v is the end or the starting 
point of the edge e with respect to the orientation or ,(/). 

Second, we denote the integral of some local data G Q}(Ui) and ujij : 
Ui fl Uj —> U(l) along an edge e of a face / by 


iej^u; 1 ) := exp 



vGde 


(123) 


Recall that the set of edges in T splits into the set E of orientation-preserving 
edges and the set E of orientation-reversing edges. For an orientation- 
preserving edge e G /i fl / 2 we have 

Ie,h{u,w 1 )=I e ,f 2 {u,u y )- 1 , (124) 

while for an orientation-reversing edge 

I eJl (uj,uj l ) = (125) 


holds. In the latter case, since e is orientation-reversing, we have either 
or,( e ) (e) = or^) (e) or orj( e ) (e) = 01 ^) (e), so that we can write just J e (u;, a; 1 ), 
where the for / the choice of the face with the coinciding orientation is 
understood. 
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Third, if v is a vertex of an edge e, we define for some smooth function 
U{1) 

4,e,/M :=uffi’ v) (0T i(f )(v)). (126) 

Now if v is the common vertex of two orientation-reversing edges 61,62 G 
E. we call v orientation-preserving, if orj( ei )(u) = orj( e2 )(n) and orientation- 
reversing otherwise. Let us denote the set of orientation-reversing vertices by 
V. If v is such a vertex, we just write I v (u) instead of where for e 

the choice of the edge as well as for / the face with the coinciding orientation 
is understood. 

Now the first factor in the holonomy formula (11031) is 

exp (if = exp l f 4>*B i{f) + d M i(/) J . (127) 

\ F J \ y gT J 

Following [CJM02 J, by using Stoke’s theorem, equation (11181) and our abbre¬ 
viations, we end up with 

exp A f p\ ■ n n I eJ (h,M)-\ (128) 

\ J F / f GTe& Qf 

Here the second factor collects the boundary contributions that appear in 
the application of Stoke’s theorem. 

Let us assume for the moment that £ the oriented, and all sections or, 
coincide with the global orientation restricted to U t . In this situation, we 
have only orientation preserving edges, and each of them appears twice in 
the second factor. Since the contributions are inverse by (11241) . the second 
factor vanishes. We obtain the local holonomy formula expressed only by the 
local data of the gerbe, as it appeared originally in [ Alv85 j. 

If £ is not oriented, the second factor still consists of two contributions 
for each orientation-reversing edge e G E, which are 

I eJl {h, M) ■ I eJa (h, M) = I e (h-cr*h,M + <j*M). (129) 

Hence, in the general case, the second factor of (I128D is 

n n m ) _i =n ^ ^ m +^ r 1 - ( i3 °) 

f£T e€df e£E 

For the second factor of the holonomy formula (I103D we have to compute 
the holonomy of the descent line bundle Q around dF. Note that 

E := (J or i(e) (e) (131) 

e£E 
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is a fundamental domain of dF in dF with boundary consisting of the preim¬ 
ages of the orientation-reversing vertices v 6 V. Now the holonomy of Q 
around dF is equal to the the holonomy of R around E. where at the bound¬ 
ary points the equivariant structure of R is used, this is 

hoi Q (W) = n Ie(r, R) ■ n I v (4>*j). (132) 

eGE v€V 

Since e is orientation-reversing, 

I e (r,R) = I e (4>*t ■ cr*h _1 ■ h -1 , AW — a*M — M) (133) 

= I e (At,AW)-I e (h-a*h,M + a*M)~ 1 . (134) 

The second factor of (11341) cancels (11301) so that all the local data coming 
from the trivialization drops out. It remains 

hoists, 0)=n ws, 4 >*a ab ) ■ n / e ( 0 % aw )- 1 ■ n iaaa , (135) 

feT eG E vev 

depending only on the local data of the gerbe and of the Jandl structure. We 
visualize this formula in Figure QJ 

3.4 Examples 

In the next two subsections we will apply the general formula (I135D to some 
examples of surfaces E, and we will simplify the situation considerably by 
starting with the pullback gerbe AG which allows us to choose a triangulation 
adapted to £. 

3.4.1 Klein Bottle 

Think of the Klein bottle as a rectangle with the identifications of the bound¬ 
ary indicated by arrows as in Figure 03 The identification by the vertical 
arrows is orientation-preserving, while the one by the horizontal arrows is 
orientation-reversing. A dual triangulation is shown in Figure [H Note that 
this is a triangulation with only one face. We choose a local section from 
that face into the double cover, and define the fundamental domain F as 
its image, as indicated in Figure [3 Here we dropped the arrows, but the 
identifications are still to be understood, so that both points labelled by v 
are identified. This means, that we can choose the local orientations of the 
edges such that the orientation-reversing edges form a closed line, as indi¬ 
cated by the thick line. So there is no orientation-reversing vertex, and the 
local datum j of the Jandl structure is not relevant for the holonomy around 
the Klein bottle. 
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fw t 

4>%m 

4>*w m 


Figure 4: Assignment of local data. The middle layer shows 
£ and the subordinated indices; the top and lower layer show 
parts of the two sheets of £. 



Figure 5: Klein Bottle. 



Figure 6: Klein Bottle with a dual triangulation. 
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Figure 7: A fundamental domain for the Klein Bottle in 
its double covering. 


3.4.2 The real projective Plane 

We proceed in the same way as for the Klein bottle, so think of the real 
projective plane MP 2 as a two-gon with the identification on the boundary 



Figure 8: The real projective plane. 


indicated by arrows in Figure [HI The identification is orientation-reversing. 
An example of a dual triangulation is for example shown in FigureEl Now we 



Figure 9: A dual triangulation of the real projective plane 
with two faces. 


choose local sections from these two faces into the double cover, for example 
as shown in Figure [101 Note that here the thick line is not a closed line in 
E, and v is an orientation-reversing vertex. According to the local holonomy 
formula (113511 here the local datum j of the Jandl structure enters in the 
holonomy. 
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Figure 10: A fundamental domain of the real projective 
plane in its double covering. 


4 Gerbes and Jandl Structures in WZW Mod¬ 
els 

4.1 Oriented and orientable WZW Models 

In the following we are concerned with Lie groups M, and we will use the 
following notation. The left multiplication with a group element h is denoted 
by lh : M —> M, and the map which assigns to h the inverse group element 
h~ l is denoted by Inv : M —> M. The left invariant Maurer-Cartan form is 
denoted by 9, and the right invariant form by 9. We call a gerbe Q over M 
left invariant, if it is stably isomorphic to the gerbe for each h G M, and 
similar for right and bi-invariance. 

A WZW model is a theory of maps </> : £ —> M from a worldsheet £ into 
a target space M , which is a Lie group together with additional structure, 
called the background fields. It assigns to each map <f> an amplitude, i.e. a 
number in 1/(1), as the weight of this map in a path integral. To be more 
precise: 

Definition 11. An oriented WZW model consists of a compact connected 
Lie group M, which is equipped with an Ad-invariant metric g = (—, —) on 
its Lie algebra and a bi-invariant gerbe Q. It assigns an amplitude 


A TA ( t > ’ S ) := ex P ' holg(£, 0) 


(136) 


to a map <f : £ —> M from a closed oriented conformal worldsheet £ to M, 
where the kinetic term is 



(137) 


Note that the conformal structure and the orientation on £ determine 
the Hodge star. 
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In |Wit84] Witten discussed this theory for M = SU{2), which is an 
example for a compact, simple, connected and simply-connected Lie group. 
In this particular situation, the holonomy can be written as the exponential 
of the Wess-Zumino term, 

holg(£, 0) = exp ^i J 0* H^j , (138) 

so that we can express the amplitudes as 

A^ d (0,£)=exp(iS W zw(</>)) (139) 

with the action functional 

*S'wzw(0) := 5 kin (0) + [ PH. (140) 

J B 

Here B is a 3-dimensional manifold with boundary H, 0 is an extension of 0 
on B 1 and H is the curvature of the gerbe Q. 

Witten observed two symmetries of the WZW model on the type of Lie 
groups he considered. The first is translation symmetry: the action functional 
*S'wzw(0) is invariant under the translation 0 i—>• lh ° 0. The associated 
conserved Noether current is given by 

J(0):=-(l+*)0*0, (141) 

which is a 1-form on £ with values in the Lie algebra of M. To obtain this 
conserved, non-abelian current, Witten derived a specific relative normal¬ 
ization of the kinetic and the Wess-Zumino term, which was also adapted 
here. 

The second symmetry Witten observed is the invariance of the action 
functional 5'wzw(0) under what he called parity transformation: reverse the 
orientation on £ and replace 0 by 0 := Inv o 0. Accordingly, the conserved 
current J(0) for £ and the one for £, the manifold £ with reversed orienta¬ 
tion, namely 

J(0) = (l-*)0*0, (142) 

are often called equivalent. Note that here the right invariant Maurer-Cartan 
form appears. In that sense, the parity transformation exchanges left and 
right movers. 

We now want to generalize this equivalence to any compact connected 
Lie group M. It is a simple consequence of the properties of the holonomy 
of Q. that the parity symmetry 

^S d (AS) = ^ d (Invo^,,E) (143) 
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holds, if the gerbes lmr*Q and Q* are stably isomorphic. Note that this is a 
condition on the gerbe Q. It should not come as a surprise that in Witten’s 
discussion there is no such condition: 

Lemma 6. If Q is a bi-invariant gerbe over a compact, simple, connected 
and simply connected Lie group, then \mr*Q and Q* are stably isomorphic. 

Proof. Because stably isomorphic gerbes have the same curvatures, the 
curvature H of the bi-invariant gerbe Q is a bi-invariant 3-form. It is a 
theorem by Cartan, that on compact, simple, connected, simply connected 
Lie groups M the space of bi-invariant 3-forms is the span of the canonical 
3-form v, which satisfies InvV = — v. Hence Inv*t/ and Q* have the same 
curvature. Because the set of stable isomorphism classes of gerbes of same 
curvature form a torsor over H 2 (M, 17(1)) [GR02] . which here is the trivial 
group, the gerbes In v*Q and Q* are stably isomorphic. □ 

We now give an even more general definition of parity transformations of 
a target space M with metric g and gerbe Q. 

Definition 12. A parity transformation map is an isometry k : M M of 
the metric g of order two, such that k*Q and Q* are stably isomorphic. We 
denote the set of parity transformation maps by P(M,g,Q). 

Consider an oriented WZW model with target space M, Ad-invariant 
metric g and bi-invariant gerbe Q. If k G P(M,g , Q) is a parity transforma¬ 
tion map, we obtain the parity symmetry 

A°f(<l>,T.) = A°f(k o0,E). (144) 

We already discussed that k = Inv is a parity transformation map in 
the sense of Definition [T2], if the gerbes Inv*CJ and Q* are stably isomorphic. 
However, for oriented WZW models on compact connected Lie groups there 
are more such parity transformation maps. Because the gerbe Q is supposed 
to be bi-invariant, we try an ansatz k := l^o Inv for some group element 
h G M. The condition k 2 = id M restricts h to be an element of the center 
Z(M). So, the set P(M,g,Q) of parity transformation maps for a compact 
connected Lie group M and a bi-invariant gerbe Q, such that Q* is stably 
isomorphic to In v*Q, contains at least 

{L o Inv | z G Z(M)} C P(M, g, Q). (145) 

In particular, P(M,g,Q ) is not empty in the situation we are interested in. 
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As a preparation for the unoriented case, we now relate parity symmetry 
to the orientation cover E: Start with an oriented WZW model on E together 
with a parity transformation map k. Let 0 : E —> M be a map. By LemmaGH 
there is a unique map 0 G C 00 ^, M) k,a . Once we have the orientation cover 
E and the map 0, we may forget their origin, in particular the orientation 
on E. Then we may give the following 

Definition 13. An orientable WZW model consists of a compact connected 
Lie group M, which is equipped with an Ad-invariant metric g on its Lie alge¬ 
bra, a bi-invariant gerbe Q and a parity transformation map k € P(M,g, Q). 
To a closed orientable conformal surface E and a map 0 G C'°°(E, M) k,a , the 
following amplitude A° r g le ((j), E) is assigned. Choose any orientation on E, 
and obtain a map 0 : E —»■ M by Lemma 0 Define 

(146) 

The amplitude is well-defined: if we had chosen the other orientation, we 
would get the same amplitudes, due to the fact that k is a parity transfor¬ 
mation map and satisfies equation (11441) . 

4.2 Unoriented WZW Models 

In the last section we gave the definition of an orientable WZW model. The 
derivation of the amplitude of a map 0 G C°°(E, M) k,a makes use of the 
existence of an orientation on E both in the kinetic term and in the holonomy 
term. In this section, we want to overcome this obstruction. 


Let us first discuss the kinetic term. We want to define the kinetic term 
Akin (0) for a map 0 G M) k)(T in such a way that if E is orientable, it 

reduces to the kinetic term Ski n (0) °f the corresponding map 0. Note that 


to | 1— 1 

0*0 A *0*0/ 

(147) 

is a 2-form on E, which satisfies 



a*£(0) = 

Cb 

U 

i 

ii 

(148) 

This property tells us that £(0) defines a 2-density £den(0) [BT82, BG88J 
on E. The integral of a 2-density over a surface is defined without respect to 
the orientability of this surface, so we define 

A k in(0) : = 

[ £den(0)- 

J S 

(149) 
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To make the integral (|149j) more explicit, choose a triangulation T of E, 
and for each face / G T a local section ory : Uf —* £, where Uf is some open 
neighborhood of / in £. By definition of the integral of a density, 

SU4>) = Y,I G# (150) 

/gT ''“'/(/) 

One immediately checks that this definition is independent of the choice of 
the local sections: if one chooses for one face / the other orientation, namely 
cr(ory), the corresponding term in the sum (115011 . 

[ £(0) = - [ a*£(0) = I £(0), (151) 

JtT(or f (f)) JoTf(f) Jor f (f) 

gives the same contribution. It is also independent of the choice of the 
triangulation. Furthermore, if £ is orientable, we can choose a triangulation 
with a single face / = £ and get 5km(0) = *S'kin(0), which was precisely our 
requirement on Skin (</>)• 

We have already discussed in section [3] how to define surface holonomies 
for an arbitrary closed surface £ with a map 0 G C°°(£, M) k,a : we have to 
choose a Jandl structure J on Q. Then hoi g t j((j>, £) is defined in Definition 
ITOl in such a way that if £ is orientable, it coincides by Theorem [3] with 
hoi g(<f), £). Remember that a necessary condition on the existence of a Jandl 
structure J = (k, —, —) was that the gerbes k*Q and Q* are stably isomor¬ 
phic. We already have encountered this condition for the orientable WZW 
model, so that it does not come as an additional restriction. This leads us 
to the following 

Definition 14. An unoriented WZW model consists of a compact connected 
Lie group M, which is equipped with an Ad-invariant metric g on its Lie- 
algebra and a bi-invariant gerbe Q with Jandl structure J, whose action ofZ 2 
on M is a parity transformation map k G P(M, g, Q). To a closed conformal 
surface £ and a map 0 G C'°°(£, M) k,a the amplitude 

A g n G^J^ E ) := eX P i} S kin($ij ■ hoi£). (152) 

is assigned. 

According to the definition of both factors, if £ is orientable, we have 

^y(0.E) = A”f(^,E). (153) 

If £ is even oriented, by equation (11461) we have 

A^As)=A^ d (0,£). (154) 
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4.3 Crosscaps and the trivial line bundle 

In the following two sections we use the classification of Jandl structures to 
classify unoriented WZW models with a fixed gerbe Q and a fixed parity 
transformation map k E P(M, g,G). By Theorem [H the set of equivalence 
classes of Jandl structures of Q with the action of K = Z 2 on M defined by k 
is a torsor over the flat A"-equivariant Picard group Pic A (ilA). In this section 
we discuss a special element of this group. 

On any manifold, there is the trivial line bundle L\ := M x C with the 
trivial hermitian metric and the trivial connection, which is flat. It represents 
the unit element of the flat Picard group Pic 0 (M). 

Recall the following facts concerning equivariant line bundles |Gom03] . 
There are two obstructions for a given line bundle to admit equivariant struc¬ 
tures: the first depends on the bundle and the group action, namely that 

k*L <g) A* = Ai, (155) 

which is still to be understood as an equation of hermitian line bundles with 
connection. The second obstruction is a class in the group cohomology group 
Hq (if, f/(l)). Now, if both obstructions are absent, the possible equivariant 
structures are parameterized by the group cohomology group Hq^A', t/(l)) 
which is just the group of one-dimensional characters of K. In our case 
K = Z 2 we have 

H^fA, C/(l)) = Z 2 (156) 

H^fA, (7(1)) = 0 (157) 

so that the second obstruction vanishes, and every line bundle A, which 
satisfies the remaining obstruction (11551) admits exactly two A'-equivariant 
structures. 

In particular L x itself satisfies (11551) . We exhibit its two equivariant struc¬ 
tures explicitly. Remember from section 12.21 that we have to choose an iso¬ 
morphism 

c p : k*L\ —»■ Li (158) 

of line bundles, such that <p o k*tp = id a, . So the both choices are either 

Lpi = idMxC or </?_i : (x,z) h->• (x,—z). We denote L\ together with the 

equivariant structure <pi by Af. It represents the unit element of Pic q(M). 
We denote Li together with the equivariant structure <p_i by L K 1 . Note that 
A a 1 ®A a 1 = Lf as equivariant line bundles. Hence it represents a non-trivial 
element of order two in Pic A (M). 

The whole construction is completely independent of M, so Pic A (ilA) al¬ 
ways contains at least these two elements. As a consequence, if a gerbe Q 
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admits a Jandl structure J 1 then L K } .J is another, inequivalent Jandl struc¬ 
ture on Q. We will now investigate the difference between the corresponding 
unoriented WZW models. 

We work with local data, so let {V)}ie/ be a good open cover of M. Choose 
all the sections that have been introduced in section 12.41 and extract local 
data (t, W), j of the Jandl structure J. We also explained how to extract a 
local datum zq : V) —> U(l) from an equivariant structure on a line bundle 
over M . The local datum of Lf is the constant global function zq = 1, and 
the local datum of is the constant global function zq = —1. 

According to the definition of the action of Pic A (M) on Jdl((J,/c), the 
local data of L K X .J are (t, W) and — j. Now observe the occurrences of 
the local datum j in the local holonomy formula (11351) : it appears for each 
orientation-reversing vertex v G V. Following our example in section 13.4.21 
this happens in the presence of a crosscap. We conclude that the amplitudes 
of both unoriented WZW models with Jandl structures J and L K X .J differ 
by a sign for each crosscap in £. 

4.4 Examples of target spaces 

We would like to discuss three examples of target spaces, namely the Lie 
groups SU( 2), SO( 3), where the Ad-invariant metric on their Lie algebras is 
given by their Killing forms, and the two-dimensional torus T 2 = S 1 xS 1 with 
the euclidean scalar product. The gerbes are supposed to be bi-invariant. 

4.4.1 The Lie group SU(2) 

Following our general discussion, the actions of Z 2 on SU(2) we have to 
consider are given by k : g \—> g l and k : g i—> — g~ x , where —1 G Z(SU(2)) 
is the lion-trivial element in the center. The same maps were considered in 
[HSSn2llRriin2llBCW011 . 

Fix a bi-invariant gerbe Q over SU{2). Up to stable isomorphism, this 
is Q = fqf n , where Q 0 is the basic gerbe over SU(2) [ Mei02j . By Lemma [H 
both fc’s are parity transformation maps. 

The set Jdl (Q,k) is a torsor over Pic A (SW(2)) by Theorem [D In order 
to compute the group of equivariant flat line bundles, we first observe 

Pico(M) = Hom(7n(M), 1/(1)) = 0, (159) 

since SU (2) is simply connected. So up to isomorphism there is only one flat 
line bundle, the trivial one. Hence there are exactly two inequivalent Jandl 
structures for each map k and each bi-invariant gerbe Q\ this is in agreement 
with the results of |PSS95al PSS95b j 
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4.4.2 The Lie group SO(3) 

The center of SO (3) is trivial, so that we have only one action to consider, 
namely by k : g i—> g~ l . Let Q be a bi-invariant gerbe over SO(3), such 
that k*Q and Q* are stably isomorphic. Such gerbes for example are con¬ 
structed up to stable isomorphism in [ GR03] . We have to investigate the 
group Pic^(50(3)) of flat equivariant line bundles. Again we first consider 
the group Pic 0 (50 (3)) of flat line bundles and classify equivariant structures 
on them. 

By 7 Ti( 50(3)) = Z 2 we have 

Hom(7n(AO(3)), U{ 1)) = Hom(Z 2 , U( 1)) = Z 2) (160) 

so there are - up to isomorphism - two flat line bundles. We will give them 
explicitly: As 50(3) is the quotient of 517(2) by q : g h->• — g, the two flat 
line bundles over 50(3) correspond to the two equivariant flat line bundles 
over 50(2), namely Lf and L K \ . 

Clearly, Lf descends to the trivial flat line bundle L\ —> 50(3), which 
admits equivariant structures, more precisely, according to the discussion in 
section 14.31 there are two of them. L K 1 descends to a lion-trivial fiat line 
bundle L_i —> 50(3), and we have to ask whether it admits equivariant 
structures, which is equivalent to the condition, that 

dL_! := k*L_i ® L*_ ± = L 1 . (161) 

Now dl/_i is a flat line bundle, and hence either isomorphic to L_i or to 
L\. Because Pic 0 (50(3)) is a group of order two, we have L_i ® L _\ = L\. 
The assumption dL_i = L__i would therefore mean k*L_i = L i which is a 
contradiction since L 1 is the trivial bundle and k*L _i is not. Hence (116111 is 
true, and L*_ x admits two equivariant structures. 

All together, there are four equivariant flat line bundles over 50(3) and 
hence four Jandl structures on Q\ again, this is in agreement with [PSS95a, 
lPSS95b] . 

4.4.3 The two-dimensional Torus T 2 

For dimensional reasons, all gerbes over T 2 are trivial and have curvature 
H = 0. This allows us to discuss an example with a parity transformation 
map k, which is not of the form k — l z o Inv but simply the identity map 
k = id. This allows us to make contact with [ BPS92 ], 

Now let Q be a bi-invariant gerbe over T 2 . The set Jdl(£/,id) is a 
torsor over Pic^ (T 2 ) by Theorem CD, which is isomorphic to H^-(T 2 , [/(!)) 


42 













by equation (f33ft . The Borel space associated to the trivial K -action is 
= E7j 2 x T 2 . With Eh 2 = MP°° we have 


H }AT\U(1)) 


H\T 2 k ,U( 1)) 

H 1 (MP°°, U( 1)) © H^T 2 , U( 1)) 

Z 2 © E/(l) © E/(l) 

Z 2 ®T 2 . 


We now assume that the gerbe Q admits a Jandl structure J = (id, A, <p). 
In particular, A = (A, a) is a stable isomorphism from Q to Q*. Recall that 
a gerbe Q consist of the following data: a surjective submersion tt : Y —> M. 
a line bundle L —> Y^\ an isomorphism /x, and a 2-form C E f2 2 (T). Recall 
further that here A is a line bundle over Z = Y^ 2 \ and both projections p 
and p' from Z to Y coincide with 7T 2 , -ny : Y^ Y. 

The condition on the curvature of A in Definition [3] now reads 


curv(R) = tt\C + 7TgC. 


(162) 


Furthermore, since for all gerbes the curving C satisfies —7 t 2 C + = 

curv(P), we have 

27t 2 C' = curv(R) — curv(L), (163) 


which is an equation of 2-forms on Y^. On the right hand side we have a 
closed 2-form which defines an integral class in cohomology. Since 7 t 2 is a 
surjective submersion, also 2 C defines a class in H 2 (Y, Z). 

Because the gerbe Q is trivial, we can choose a trivialization T and obtain 
the 2-form B G fl 2 (M) as in Definition [7], which satisfies n*B = C + curv(T) 
and dP = H = 0. Usually one chooses T such that B is constant, then it 
is nothing but the Kalb-Ramond “B-Field”. Because tt is also a surjective 
submersion it follows that 2 B defines a class in H 2 (M, Z). Thus we have 
derived the quantization condition that the P-Field has half integer valued 
periods. This condition was originally found in [BPS9 2) by an analysis of the 
bulk spectrum of right and left movers. 
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